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a b s t r a c t

A numerical methodology is proposed in this paper to simulate the degradation of cementitious materials
under external sulfate attack. The methodology includes diffusion of ions in and out of the structure,
chemical reactions which lead to dissolution and precipitation of solids, and mechanical damage accumu-
lation using a continuum damage mechanics approach. Diffusion of ions is assumed to occur under a con-
centration gradient as well as under a chemical activity gradient. Chemical reactions are assumed to
occur under a local equilibrium condition which is considered to be valid for diffusion controlled reaction
mechanisms. A macro-scale representation of mechanical damage is used in this model which reflects the
cracking state of the structure. The mechanical and diffusion properties are modified at each time step
based on the accumulated damage. The model is calibrated and validated using experimental results
obtained from the literature. The usefulness of the model in evaluating the mineralogical evolution
and mechanical deterioration of the structure is demonstrated.

� 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Low activity nuclear waste is being disposed by mixing with
cementitious materials and then being placed in above ground
concrete vaults which are to be covered with soil and a final cap
to achieve a shallow burial scenario for final disposition. One
example of this practice is the disposal of ‘‘saltstone” at the Depart-
ment of Energy Savannah River Site near Aiken, SC [1]. Important
potential degradation mechanisms for the saltstone vaults are sul-
fate attack, carbonation, leaching, alkali-aggregate reaction and
reinforcement corrosion. However the present paper is only fo-
cused on evaluating degradation of cementitious materials due to
ingress of sulfate ions. Effects of the other mechanisms on the sul-
fate attack phenomenon are not incorporated in the present work.
A significant amount of sulfate ions (approximately 24,000 mg/L
[2]) initially is present in the pore solution of the resulting waste
form that can potentially leach out of the waste and diffuse into
the concrete vault walls which are comprised of steel reinforced

concrete. The resulting reaction of sulfate with the concrete solid
phases and subsequent spalling and cracking of the concrete have
been identified as one of the major potential degradation processes
for these concrete vaults [3]. Cementitious materials under exter-
nal sulfate attack expand in volume due to the formation of expan-
sive products, e.g. ettringite [4,5] and gypsum and lose strength
due to decalcification of the main cement hydration product (i.e.
calcium silicate hydrate) and cracking [6]. If the structure is
cracked, the radioactive materials in the waste form can migrate
(by diffusion or percolation) through the cracks and be transported
to the soil or the groundwater. Similarly, cracking of the cementi-
tious waste form contained within the vault increases the likeli-
hood of percolation through the waste, increasing the rate of
contaminant transport to the containing concrete vault. Thus it is
important to assess the durability of such structures subjected to
aggressive conditions so that engineered systems can be designed
such that long-term degradation of contaminant retention struc-
tures is minimized and contaminant release rates and extents do
not exceed acceptable levels.

When sulfate ions diffuse through a cementitious structure,
they react with cement hydration products. Several mineral phases
dissolve or precipitate to maintain the equilibrium condition of the
pore solution. Some ions also leach out of the structure. Porosity
increases or decreases due to the chemical reactions and the
resulting dissolution and/or precipitation of specific solid phases,
including amorphous gels and discrete minerals. As some or all
of the pores within the cement are filled with expansive solid
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phases, strain develops which leads to stress and cracking. This in
turn accelerates further diffusion of the ions. Thus the essential
components in the degradation of cementitious materials due to
the ingress of chemical species are diffusion of ions, chemical reac-
tion, and structural damage. Some numerical models available in
the literature simulate diffusion using sophisticated partial differ-
ential equations and include a detailed chemical reaction model,
but do not include structural damage accumulation [7]. Some mod-
els include a continuum damage mechanics based approach to as-
sess the damage of the structure, but do not include detailed
diffusion and chemical reaction models [8,9]. Thus it is important
to incorporate all the essential components of the degradation
mechanism into a single model framework to accurately simulate
the behavior of the structures under sulfate attack.

The most common measure of sulfate resistance of cementi-
tious materials is length change of the specimen [10]. Many
researchers have attributed the change in length to the amount
of ettringite formation [8,9,11–13]. But there is no linear relation-
ship between the amount of ettringite formed with the bulk expan-
sion of the specimen [14]. Also, the structure fails due to cracking
and loss of strength, which may not have any direct relationship to
the bulk expansion of the specimen. Thus it is essential to evaluate
the mineralogical features of the specimen with time, as well as
damage of the specimen due to precipitation/dissolution of the
solids.

In this paper, an integrated numerical modeling approach is
developed to evaluate behavior of the structure as a function of
time incorporating all three of the essential phenomena mentioned
above (i.e. diffusion, chemical reaction and structural damage). The
model is calibrated and validated using experimental results avail-
able from the literature. The usefulness of the model to evaluate
structural damage progression and mineralogical evolution is also
demonstrated. Numerical simulations can be performed using the
model for a particular set of input parameters (e.g. porosity, tortu-
osity etc.) to obtain the modeled response of the system for a spec-
ified time of interest, e.g. time until failure. Thus the modeling
approach presented here can also be used to evaluate the progres-
sion of mechanical damage and changes in mineralogical charac-
teristics that occur over very long time periods (e.g. hundreds of
years), although further validation is needed and most likely can
only be accomplished by inferences drawn from examining struc-
tures that have been in place for much shorter time frames and
with limited details regarding initial formulation and exposure
conditions.

2. Mechanism of sulfate attack

The main components of Portland cement are tricalcium and
dicalcium silicates, tricalcium aluminate, and tetracalcium alu-
minoferrite. The cement components react with water and exter-
nally added gypsum to form several cement hydration products.
In cement chemistry notation, these components are represented
as C : CaO, S : SiO2, A : Al2O3, S : SO3, H : H2O, F : Fe2O3 etc. [15]. If
the hydration is not complete, some of the cement components re-
main unreacted. Some of the main hydration products are calcium
silicate hydrate (CSH), calcium hydroxide or Portlandite (CH),
ettringite ðC6AS3H32Þ, calcium monosulfoaluminate ðC4AS3H12 Þ,
hydrogarnet ðC3AH6Þ, etc. When sulfate ions penetrate a cement-
based structure, a series of reactions take place as shown in Eqs.
(1)–(7). The sequential process of reactions is shown in Fig. 1. Sul-
fate ions react with Portlandite to form gypsum and some calcium
aluminate phases to form ettringite (as shown by the light arrows
in Fig. 1). Then gypsum reacts with calcium aluminate phases (as
shown in the box in Fig. 1), if present, to form ettringite (as shown
in bold arrows in Fig. 1). Initially the calcium ions are supplied by

Portlandite. When Portlandite is not available, calcium silicate hy-
drate dissociates into silica gel, releasing calcium ions (as shown by
the dashed arrow in Fig. 1) for ettringite formation [14]. This disso-
lution process is controlled by chemical equilibria between the so-
lid phases and pore solution and solution conditions controlling
calcium saturation in the pore solution.

The main expansive products formed as a result of the reactions
are ettringite and gypsum. The changes in volume (DVr) as a con-
sequence of the chemical reactions with respect to the original vol-
ume of the reactants (Vr) are given in Table 1. Reactions involved in
sulfate attack assuming the source of sulfate ions to be sodium sul-
fate are as follows [3,8] (where OH indicates hydroxide and other-
wise H indicates H2O):

� Portlandite

Na2SO4 þ CHþ 2H! CSH2 þ 2NaOH ð1Þ

� Monosulfate

C4ASH12 þ 2CSH2 þ 16H! C6AS3H32 ð2Þ
3C4ASH12 þ 3Na2SO4 ! 6NaOHþ 2AlðOHÞ3 þ 21Hþ 2C6ASH32

ð3Þ

� Tricalcium aluminate

C3Aþ 3CSH2 þ 26H! C6AS3H32 ð4Þ
C3Aþ 3Na2SO4 þ 3CHþ 32H! 6NaOHþ C6AS3H32 ð5Þ

� Tetracalcium aluminate hydrate

C4AH13 þ 3CSH2 þ 14H! C6AS3H32 þ CH ð6Þ

� Hydrogarnet

C3AH6 þ 3CSH2 þ 2OH! C6AS3H32 ð7Þ

The change in volume due to the chemical reactions is obtained
by subtracting the total volume of the products from the total vol-
ume of the reactants (as will be discussed in Section 3). The change
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Fig. 1. Schematic diagram of the chemical reactions due to sulfate ingress.

Table 1
Volume change in reactions involved in sulfate attack.

Reaction Volume change DVr
Vr

� �
Eq. (1) 1.24 [3]
Eq. (2) 0.55 [3]
Eq. (3) 0.52 [3]
Eq. (4) 1.31 [3]
Eq. (5) 2.83 [3]
Eq. (6) 0.48 [6]
Eq. (7) 0.92 [3]
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in volume leads to volumetric strain if the volume of the products
is greater than the volume of the reactants (as shown in Table 1).
The strain developed exerts pressure on the surrounding cement
matrix. The structure starts cracking when the stress exceeds the
tensile strength of the material. Also, the calcium silicate hydrate
dissociation into calcium hydroxide and silica gel results in loss
of strength because silica gel is not cohesive. Thus, the net effects
of sulfate attack are expansion, cracking and strength loss.

Several hypotheses have been proposed in the past to explain
the mechanism of expansion [14,16]. Two prominent hypotheses
are (i) crystal growth pressure hypothesis, where it is proposed
that the expansion is caused by the growth of large ettringite crys-
tals at the cement–aggregate interfaces and cracks and (ii) homo-
geneous paste expansion hypothesis, where it is proposed that
the expansion is caused by the growth of small ettringite crystals
throughout the paste [17,18]. But neither of the hypotheses is
unanimously agreed upon. The model developed in this paper is
based on simplifying assumptions required for computational
homogenization. It is assumed that the cement hydration products
are homogeneously distributed throughout the structure. When
sulfate ions diffuse through the structure (Fig. 2a), they react with
the cement hydration products. The reaction products are also dis-
tributed homogeneously throughout the cement matrix. If the vol-
ume of the products is more than the volume of the reactants, the
extra volume can only be accommodated in the pore space. The
shaded area in Fig. 2b shows the deposited solid product in pore
space. The solid product grows in volume as the reaction pro-
gresses. When it touches the pore wall, it starts exerting pressure
which leads to stress in the material. If the stress is more than
the strength of the material, cracks start to form. The solid product
does not need to fill up the total pore volume in order to start
exerting pressure due to the difference in shape of the deposited
solid and the pore as shown in Fig. 2c. Thus it is assumed that only
a fraction of the pore volume is available for solid product deposi-
tion before strain develops and cracking starts.

3. Numerical modeling of sulfate attack

Different models have been developed in the past to numeri-
cally simulate the phenomenon of sulfate attack. One of the earliest
models was developed by Atkinson and Hearne [11]. This model
was based on an empirical relation between volumetric expansion
of the structure and the total amount of ettringite formed, devel-
oped using experimental results. Following Atkinson and Hearne,
Clifton and Pommersheim [3] developed a model from the assump-
tion that volume change in the reaction gives rise to paste expan-
sion which is linearly dependent on the amount of ettringite
formed.

A simple micromechanical model developed by Krajcinovic
et al. [9] was based on homogenization of microscopic responses
on a macro-scale for evaluation of the macro response of the struc-

ture. This model was refined recently by Basista and Weglewski
[12]. Tixier and Mobasher [8,19] developed a model similar to that
developed by Clifton and Pommersheim with a different analytical
expression assumed for expansion. The model included a contin-
uum damage mechanics approach to evaluate structural damage
and modified the diffusivity assuming that it increases linearly
with increasing damage. Bary [20] developed another numerical
model incorporating structural damage due to cracking; but only
calcium and sulfate concentrations were considered as the domi-
nant species in the model.

Saetta et al. [21] developed a general framework for evaluation
of mechanical behavior under physical/chemical attacks. This mod-
el evaluated the coupled effects of moisture, heat and chemical
species. Evaluation of expansion and cracking due to chemical at-
tack was not included in the model. Another general framework
was developed by Schmidt-Dohl and Rostasy [22] which was based
on thermodynamic and kinetic considerations for evaluation of
degradation of structures under chemical attack. This model can
only be used for species with known thermodynamic data. Also,
comparison of the mechanical parameters obtained from this mod-
el with experimental data posed considerable difficulty. Another
general framework was developed by Shazali et al. [23] to evaluate
degradation of concrete under sulfate attack but in relation to gyp-
sum formation only. Damage was quantified by a chemical damage
parameter (similar to Saetta et al.) and was incorporated to evalu-
ate strength of the specimen.

Samson, Marchand and associates [7,24–26] developed a
numerical model for describing the mechanism of ionic transport
in unsaturated cement systems. It included ionic diffusion through
the use of the extended Nernst–Planck equation, moisture trans-
port and chemical reactions. The model also incorporated the ef-
fects of micro-structural changes on the transport properties of
chemical species in the cementitious materials using empirical
relations based on experimental results. But this model did not
consider the changes in the mechanical properties due to cracking
and consequent effects on the transport (e.g. diffusive) properties.
Gospodinov et al. [27] developed a model which included diffusion
of chemical species into cement and the effects of simplified chem-
ical reactions on the changes in porosity. But this model did not in-
clude the effects of cracking on the material parameters.

Ping and Beaudoin [28] developed a theoretical model based on
chemical-thermodynamic principles. It was assumed that the
expansion results from conversion of chemical energy in the form
of crystallization pressure to mechanical energy which overcomes
the cohesion of the system. The theory was qualitatively validated
using experimental results; but it was not quantitatively
implemented.

From the perspective of this paper, Tixier’s model and
Krajcinovic-Basista’s model are particularly important as these
models evaluate cracking of the structure under sulfate attack
using continuum damage mechanics. The general framework of
these models is presented in Fig. 3.

)b()a( (c)

Cementitious 
material

PoreSulfate 
solution

Deposited 
solid 
product

Stress

Crack

Fig. 2. Strain and crack development mechanism.
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As shown in Fig. 3, diffusion of only sulfate ions was considered
in Tixier’s and Krajcinovic-Basista’s models. Leaching out of the
ions from inside of the structure and diffusion coupled with chem-
ical equilibria of other ions present in the external solution were
not considered. Expansion of the specimen was assumed to occur
due to ettringite formation only; gypsum formation, which is also
seen to be expansive [23,29], was not taken into account. Calcium
leaching out of the specimen while in contact with water also was
not considered in the aforementioned models. This increases the
porosity of the structure [30], hence accommodating more ettring-
ite and gypsum before strain can develop. Thus, improved diffusion
and chemical reaction models are needed to accurately simulate
the behavior of the cementitious materials under chemical attack
that are robust enough to consider a broader range of cementitious
material formulations and compositions of solutions at the exter-
nal boundary (i.e. contacting water composition).

The proposed framework of the model incorporating diffusion
of additional species, responses to changes in pore structure and
more extensive chemical reactions is shown in Fig. 4. In the pro-
posed framework, diffusion of all ions from the external solution
and simultaneous leaching out of the ions from inside of the struc-
ture are considered. Diffusion and leaching out of ions change the
chemical composition of the pore solution which disturbs the local

equilibrium and thus leads to chemical reactions. These processes
are assumed to change the porosity of the structure. Volume
change of solid phases due to the chemical reactions leads to
change in porosity and strain. Strain leads to cracking of the struc-
ture which is reflected in the damage parameter. Change in poros-
ity and cracking are assumed to modify the diffusivity which
affects further diffusion of the ions. Thus the developed framework
integrates the needed parts for a more robust assessment of degra-
dation of cementitious materials under sulfate attack in a unified
framework. The specific approaches used for each phenomenon
are described below.

3.1. Diffusion of ions

Diffusion of an ion through a saturated porous material under
isothermal conditions is modeled by taking into account diffusion
of ions under a concentration gradient as well as under a chemical
activity gradient, assuming diffusion under electrical potential is
negligible [7,31,32]. This is expressed as

@ðuciÞ
@t

¼ div
D0

i u
s
ðgradðciÞ þ cigradðln ciÞÞ

 !
ð8Þ

where ci is the concentration of the ith ion, D0
i is the free solution

diffusivity of the ion, u is the porosity, s is the tortuosity and ci is
the chemical activity coefficient of the ion. The first term on the
right hand side is the rate of diffusion due to the concentration gra-
dient. The second term is the rate of diffusion due to the interac-
tions of ions among each other. If there are N ions present in the
system, e.g. Caþ2;Naþ; SO�2

4 ;Mgþ2 etc., then N equations are formed
for diffusion of all the ions using Eq. (8). These N equations are
solved simultaneously in order to obtain diffusion profiles of all
the ions. The modified Davies equation [33] is used to calculate
the chemical activity of the ions which produces better results for
highly concentrated ionic solutions such as concrete pore solutions
than other formulations of activity coefficient [34] and is given as

ln ci ¼ �
Az2

i

ffiffi
I
p

1þ aiB
ffiffi
I
p þ ð0:2—4:17e� 5IÞAz2

i Iffiffiffiffiffiffiffiffiffiffiffiffi
1000
p ð9Þ

where zi is the valence of the ion, and I is the ionic strength of the
solution expressed as

I ¼ 1
2

XN

i¼1

z2
i ci ð10Þ

and A and B are temperature dependent parameters given as

A ¼
ffiffiffi
2
p

F2e0

8pðekRTÞ
3
2

ð11Þ

B ¼

ffiffiffiffiffiffiffiffiffiffi
2F2

ekRT

s
ð12Þ

where e0 is the electrical charge of one electron (1.602E�19 C) and
ai is a parameter dependent on the species (assumed to be 3E�10 m
as an average value for all the species [33]), F is the Faraday’s con-
stant (96488.46 C/mol), R is the universal gas constant (8.3143 J/
mol/K), T is the temperature and ek is the permittivity of the med-
ium (i.e. water in this case) given as

ek ¼ e0er ð13Þ

where e0 is the permittivity of the vacuum (8.854E�12 F/m) and er

is the dielectric constant of water (80). The temperature is assumed
to be 298 K for the simulations presented in this paper. The appro-
priate activity coefficient is then applied to each ion in solution
based on the actual speciation of individual ionic forms for each
element in solution as calculated as part of the ORCHESTRA

Diffusion of Sulfate Ions

Ettringite Formation

Volume Change

Strain

Damage 
Parameter

Change in 
Diffusivity

Fig. 3. Components of Tixier’s and Krajcinovic-Basista’s models.

Diffusion of Ions Leaching out of Ions

Chemical Reactions

Volume Change

Change in Porosity Strain

Cracking

Damage Parameter

Change in Diffusivity

Fig. 4. Overview of the framework developed in this research.
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equilibrium speciation calculations [35] at each node and time step.
The activity coefficients are used in Eq. (8) for the calculation of dif-
fusion profiles of the ions and in the chemical equilibrium calcula-
tions as discussed in the next subsection.

3.2. Chemical reactions

When the ions diffuse through the cementitious material, they
react with the cement hydration products. Some solids dissolve
or precipitate to maintain the equilibrium state of the pore solu-
tion which leads to changes in porosity of the structure. Diffusivity
changes due to the changes in porosity as shown in Fig. 4. The ap-
proach adopted for chemical equilibrium calculations, changes in
porosity and changes in diffusivity are discussed in this subsection.

Several researchers have used partial differential equations
with empirical reaction rate constants combined with Fick’s law
to simulate diffusion and chemical reactions [8,9,20,23,36,37].
Alternatively, some researchers have used an uncoupled approach
to model diffusion and chemical reactions [24] which is computa-
tionally more efficient than the coupled approaches [7]. A sequen-
tial noniterative approach is used in this paper to couple diffusion
and chemical reactions where transport equations are solved first
followed by chemical equilibrium calculations. Iterations between
these two modules are avoided by using a variable time stepping
scheme. The criterion for choosing a time step is restricting the
change in mass between two adjacent cells to within 1% of the total
quantities of all the ions present in the cells. The minimum of all
the time steps calculated using this method is adopted for the next
time step.

A built-in chemical reaction module in a geochemical speciation
and transport code, ORCHESTRA [35], is used here to calculate the
equilibrium phases of the solids formed/dissolved as a result of the
chemical reactions in contact with the pore solution within each
unit cell. Consider two species A and B that react to form another
species C, with the formation reaction as follows:

aAþ bB! cC ð14Þ

At equilibrium, the relation among A–C can be expressed as [34]

ðCÞc ¼ KeqðAÞaðBÞb ð15Þ

where Keq is the equilibrium constant and (. . .) is the activity of the
corresponding species and is expressed as

ðAÞ ¼ cAcA ð16Þ

where cA is the activity coefficient as calculated from Eq. (9) and cA

is the concentration of A. If N number of species are considered,
there will be N simultaneous equations which will need to be solved
to determine the amount of each species in the system at equilib-
rium. The resulting system of simultaneous equations along with
charge and mass balance equations are solved at each time step.

At each time step, material properties change as chemical reac-
tions alter the composition of the structure. Porosity increases or
decreases due to the precipitation and dissolution of the solid
phases. The change in porosity is calculated as

u ¼ u0 � DVs ð17Þ

where u and u0 are the current and the initial porosities respec-
tively and DVs is the change in solid volume expressed as

DVs ¼
XM

m¼1

ðVm � Vinit
m Þ ð18Þ

where M is the number of solid phases, Vinit
m and Vm are the initial

and current volume of the mth solid. The change in volume is neg-
ative (or positive) if the final volume of solids is less (or more) than
the initial volume as a result of dissolution (or precipitation) of sol-

ids. The pore volume increases (or decreases) as can be calculated
from Eq. (17). Diffusivity increases (or decreases) with increase
(or decrease) of pore volume. The change in diffusivity due to the
change in porosity is calculated using an empirical equation given
as [7]

HDðuÞ ¼
e

4:3u
Vp

e
4:3u0

Vp

ð19Þ

where Vp is the volume of the paste. Eq. (19) is a correction factor
which is multiplied with the diffusivity D0

i
s

� �
in Eq. (8) and is used

as the changed diffusivity for the next time step.
The ions present in the pore solution can only react with the

species in contact with them through the pore wall. Thus only a
fraction of the total amount of the species will be available to the
ions in the pore water. The available quantities are obtained from
a database/expert decision support system, LeachXS [38]. The data-
base contains results of a large number of experiments performed
on a range of cement and mortar compositions. Specimens are
crushed to simulate a completely degraded state (95% of the mate-
rial <2 mm in size resembling a completely cracked specimen) and
are allowed to leach while in contact with water under different pH
conditions until solid-solution chemical equilibrium is approxi-
mated. It is assumed that the maximum leached amount as well
as the maximum amount capable of reacting with the pore solu-
tion for a particular specimen (i.e. the available quantities) cannot
exceed the amount obtained from the experiments. The LeachXS
database in conjunction with ORCHESTRA also provides informa-
tion regarding the mineral phases most likely to be present in
the system and required to produce good agreement between the
experimental results and model representation for solution con-
centration of the set of dissolved species (e.g. OH�, Ca+2, SO�2

4 ,
etc.) as a function of pH and liquid-to-solid ratio of the extractions.

The chemical reaction module used in this paper is flexible, and
allows any number of ions and mineral phases to be included in
the numerical framework provided the thermodynamic data for
the mineral phases are known (i.e. equilibrium constants as in
Eq. (15)).

3.3. Damage accumulation

The change in solid volume due to the chemical reactions and
the leaching is calculated as in Eq. (18) where the volume of each
solid is calculated by multiplying the number of moles of the solid
with its molar volume. The molar volumes of the solids considered
in this study are shown in Table 2 [39,40]. The change in solid vol-
ume leads to development of strain and cracking which changes
the diffusivity of the ions as shown in Fig. 4. The approach adopted
to relate the changes in solid volume to the formation of cracks is
described in this subsection.

The solid products formed as a result of chemical reactions will
precipitate in the capillary pores. In the present model, precipita-
tion of solid products in the air voids is neglected. It is assumed
that a fraction of the pore volume will be filled before strain starts
to develop. This accounts for the fact that ettringite (one of the
main expansive products formed as a result of sulfate attack) is a
needle shaped structure and it can generate stress as soon as its
ends touch the pore wall [41] even if the pore is not completely
filled. In general, it accounts for the differences in morphologies
of the pore and the precipitated solids. It also accounts for the ef-
fect of pore size distribution on solid deposition and does not re-
quire distinction amongst pore size domains. Essentially this
feature is a model parameter which needs to be calibrated using
experimental results. A first estimate of this parameter can be ob-
tained by assuming a fraction of the capillary porosity as ions dif-
fuse mainly through capillary pores and diffused ions interact with
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the solids surrounding the capillary pores. Let us assume the frac-
tion of porosity to be b. The net solid volume change contributing
to strain development is then calculated as

DVs ¼ DVs � buV ð20Þ

where V is the volume of the representative volume element. Clifton
and Pommersheim [3] assumed that expansion and cracking will
not start until all of the pore volume is filled up by reaction prod-
ucts which leads to b = 1. Tixier and Mobasher [19] estimated the
value of b to be between 0.05 and 0.45 by calibrating the model re-
sponse using experimental results, Basista and Wegnewski [37] as-
sumed it to be 0.5. Denham [42] estimated the maximum porosity
loss under different scenarios to be 34% by performing numerical
simulations and it was concluded that fracture will only start occur-
ing if the amount of porosity available is 634% of its initial value.
More pore volume is available for solid product deposition if b is
greater, leading to delayed initiation of cracking. Similarly, initia-
tion and rate of crack progression is faster if b is smaller.

If DVs > 0, volumetric strain can be calculated as

�e ¼ DVs

V
ð21Þ

Otherwise, strain is zero. Assuming that the material is isotro-
pic, uniaxial strain is calculated as

e ¼
�e
3

ð22Þ

Cracks start to form once the stress corresponding to the strain
calculated from Eq. (22) exceeds the tensile strength of the mate-
rial. A continuum damage mechanics based model is used to relate
the cracked state of the structure to the strain calculated from Eq.
(22). The cracked state of the structure is manifested in a scalar
quantity known as a damage parameter. Conceptually, the damage
parameter used here can be interpreted as the surface density of
material defects [21] and it can be expressed as the ratio of the
damaged area (area of the crack) to the original area [21,43] as
shown in Fig. 5. Several formulations are available in the literature
which relate strain/stress to the damage parameter [44–48]. The
approach used in this paper is described in the following
paragraphs.

A qualitative stress–strain diagram for cementitious materials
under tensile stress is shown in Fig. 6. Cementitious materials con-
tain pores and micro-cracks which do not affect the strength of the
structure in the elastic region (segment OA in Fig. 6). In the nonlin-
ear ascending region (segment AB in Fig. 6), new micro-cracks form
which finally coalesce at B to form macro-cracks leading the struc-

ture to failure defined by the nonlinear descending curve. In the
nonlinear ascending region, the damage parameter x is related
to the Poisson’s ratio (if a load is applied in the longitudinal direc-
tion of a specimen, then the Poisson’s ratio can be expressed as
m ¼ � Lateral strain

Longitudinal strain

�
of the damaged structure for a three-dimen-

sional case and the density of the nucleated cracks Cd [43]. Cd com-
bines the information about the number and the size distribution
of the cracks per unit volume of the material and can be expressed
as [43]

Cd ¼ k 1� eth

e

� �m

; for e > eth ð23Þ

Table 2
Molar volumes of the mineral phases.

Mineral phase Expanded formula Common name Molar volume (cm3/mol)

C6ASH32 6CaO�Al2O3�32H2O Ettringite 707
C3AH6 3CaO�Al2O3�6H2O Hydrogarnet 150
C3FH6 3CaO�Fe2O3�6H2O Fe-hydrogarnet 155
C3ASH8 2CaO�Al2O3�SiO2�8H2O Stratlingite 216
C2FSH8 2CaO�Fe2O3�SiO2�8H2O – 227
C1,67SH2.1 1.67CaO�SiO2�2.1H2O Jennite 78
C0.83SH1.3 0.83CaO�SiO2�1.3H2O Tobermorite-II 59
CH CaO�H2O Portlandite 33
S (amorphous) SiO2 Silica gel 29
CSH2 CaO�SO3�2H2O Gypsum 75
C4ASH12 4CaO�Al2O3�SO3�12H2O Calcium monosulfoaluminate 309
Al(OH)3 (amorphous) – Gibbsite 32
C2S2.4H3.2 2CaO2�4SiO2�3.2H2O Tobermorite-I 59*

Fe(OH)3 (microcrystalline) – Ferric hydroxide 34
Na2SO4 – Sodium sulfate/mirabilite 220

* It is assumed that the molar volume of Tobermorite-I (C2S2.4H3.2) is the same as Tobermorite-II (C0.83SH1.3) due to lack of data.

Cracked area: A c

Undamaged area: A Damaged area: Ac

Damage parameter :
A
Ac=ω

Fig. 5. Schematic diagram depicting concept of damage parameter.
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Fig. 6. Stress–strain diagram of concrete under tension [6].
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where e is the strain, eth is the threshold strain at which the micro-
cracks start forming, and k and m are model parameters that need to
be calibrated from the experimental stress–strain diagram follow-
ing the procedure given below.

In the nonlinear ascending region of the stress strain diagram,
an equivalent Young’s modulus (E) can be expressed as

E ¼ E0ð1�xÞ ð24Þ

where E0 is the Young’s modulus obtained as the initial tangent or
the slope of the linear part of the curve (segment OA in Fig. 6)
and x is the damage parameter. For the uniaxial case, stress (r)
and strain (e) in the nonlinear region can be related as

r ¼ E0ð1�xÞe ð25Þ

Assuming that the damage parameter is not affected by the
Poisson’s ratio of the damaged structure for a one-dimensional
simulation, x can be expressed as [43,49]

x � 16
9

Cd ð26Þ

Combining Eqs. (23)–(26) the following expression can be ob-
tained as

r ¼ E0 1� 16
9

k 1� eth

e

� �m
" #

e ð27Þ

From Eq. (27) and the stress strain diagram obtained from the
experimental data, k and m can be calibrated using a least squares
curve fitting method.

The post-peak stress and deformation of the structure (segment
BC in Fig. 6) are modeled by using the relations proposed by
Nemat-Nasser and Hori [8,50] based on fracture mechanics and
are given as

r
f 0t
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tanðpx0

2 Þ
tanðpx

2 Þ

s
ð28Þ

w
w0
¼ r

f 0t

log sec px
2

� �	 

log sec px0

2

� �	 
� 1 ð29Þ

where f 0t is the maximum tensile stress, x0 is the damage parameter
corresponding to the peak stress, w is the post-peak deformation
(=(e � ep)dx where dx is the thickness of the cell) and w0 is the
deformation corresponding to the peak stress (=epdx). A relation be-
tween the damage parameter and the deformation of the structure
can be obtained by combining Eqs. (28) and (29).

3.4. Change in mechanical and diffusion properties

Mechanical and diffusion properties change due to the presence
of the cracks. In the literature, the effect of the cracks on the mate-
rial properties has been studied using effective continua or mean
field models when the density of the cracks is sparse [51] (referred
to as mean field regime). The modified relation between the diffu-
sivity and the crack density parameter in this regime can be ex-
pressed as [9,37]

Di ¼
D0

i

s
1þ 32

9
Cd

� �
ð30Þ

Similar linear relations between the elastic moduli (Young’s
modulus and Poisson’s ratio) and the damage parameter are also
derived as [9,37]

E ¼ E0 1� 16
9

Cd

� �
ð31Þ

m ¼ m0 1� 16
9

Cd

� �
ð32Þ

where E0 and m0 are the initial Young’s modulus and Poisson’s ratio.
Eqs. (30)–(32) are derived based on a self-consistent method which
is not valid once macro-cracks start forming and propagating
through the structure (referred to as the percolation regime). In this
region, the scaling law for diffusivity is given as [9,37,52]

Dp / ðCd � CdcÞl ð33Þ

where Cdc is the conduction percolation threshold below which the
concentration of cracks is sparse and l is a universal exponent (=2
for three-dimensional cases). The percolation threshold was deter-
mined to be 0.182 using numerical simulation for a specimen with
randomly oriented penny shaped cracks by Charlaix [53]. It is as-
sumed by Krajcinovic et al. [9] that a parallel connection exists be-
tween the nonintersecting micro-cracks still present in the system
and the growing macro-cracks. Thus the overall diffusivity is calcu-
lated as [9,37]

Di ¼
D0

i

s
1þ 32

9
Cd

� �
þ ðCd � CdcÞ2

ðCdec � CdÞ

" #
ð34Þ

where Cdec is the rigidity percolation threshold at which the cluster
of cracks transects the volume. At the rigidity percolation threshold,
the strength of the structure vanishes. The rigidity percolation
threshold was determined to be 0.712 using numerical simulation
by Sornette [54]. The effect of damage on the elastic moduli in this
regime is not well investigated in the literature. Thus Eqs. (31) and
(32) are assumed to be valid in the percolation regime as well which
modifies the rigidity percolation threshold to 9/16, at which point E
and m become zero [9,37].In summary, the model described here
combines multi-ionic diffusion with chemical equilibrium calcula-
tions and continuum damage mechanics. The model can be used
to predict distribution profiles of the various ions in solution and
solid phases. Also, the progression of damage in space and time
can be simulated, which then can be used to assess the durability
of the structure.

4. Simulation results

4.1. Model calibration and validation

Data on a test specimen was obtained from the literature [7,55].
The specimen consisted of CSA Type 10 cement with water–ce-
ment ratio 0.6 and density 1742 kg/m3. Porosity of the specimen
is experimentally found to be 0.52 by Samson and Marchand [7]
and this value is used in the simulations. The specimen was a
7 cm diameter disk of height 20 mm which was cured for 28 days
and then immersed in 30 L of 50 mmol/L Na2SO4 solution for a
year. All the faces of the sample were sealed except for one circular
face so that diffusion can be simplified as a net one-dimensional
phenomenon. The external solution was renewed every 7 days.
The initial pH of the pore solution is calculated to match the initial
OH� concentration as given in [7] and is used in the simulations.
The comparison between the initial pore solution composition as
computed by the proposed model and that experimentally deter-
mined by Samson and Marchand [7] is given in Table 3. The cal-
cium and sulfur profiles were measured at the end of 3 months,
6 months and 1 year. Model calibration parameters are the fraction
of porosity available for solid product deposition, i.e. b in Eq. (20),
and tortuosity. The calibrated values were found to be 0.3 and 35
for b and tortuosity, respectively, to fit the experimental results
of 3 months. The total available concentrations of the different spe-
cies are obtained for a Portland cement paste of similar composi-
tion from the LeachXS database. Fifteen minerals are considered
for dissolution/precipitation as shown in Table 2. The CSH phase
is modeled using the ‘solid solution model’ developed by Kulik
and Kersten [39,56]. The model is based on the assumption that
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the CSH phase can be described by two concurrent solid solution
systems (i) mixture of amorphous silicon dioxide (SiO2) and
Tobermorite-I ð2CaO2 � 4SiO2 � 3:2H2OÞ and (ii) mixture of Jennite
ð1:67CaO � SiO2 � 2:1H2OÞ and Tobermorite-II ð0:83CaO � SiO2�
1:3H2OÞ. The calibration results are shown in Fig. 7.

Experimental profiles (solid lines) for calcium and sulfur and
the simulation results (solid-dotted lines) shown in Figs. 7 and 8
were obtained from Samson and Marchand [7]. The experimental
results performed by SIMCO technologies, Canada were scaled to
match the simulation results performed using STADIUM software
by Samson and Marchand [7]. The simulations performed using
the model developed in this paper (shown as dashed lines) are seen
to qualitatively match with the experimental results. The initial
conditions used in Samson and Marchand are based on the mass
conservation law (equating amount of each species in the cement
with that in the probable solid phases) whereas the initial condi-
tions for the current simulations are obtained by attaining thermo-
dynamic equilibrium along with the conservation of mass of each
species in the cement and in the potential solid phases (mass con-
servation law as described above). The calibrated model as devel-
oped here then was used to validate the model responses at the
end of 6 months and 1 year using the experimental results as
shown in Fig. 8. The experimental results are the total concentra-
tions of calcium and sulfur present as solid phases in the system.
The model uses the available quantities (i.e. readily leachable) of
the species to calculate the solid compositions in the system as
mentioned earlier. Thus the total quantities are calculated by add-
ing the unavailable quantities (=total quantity – available quantity)
to the simulation results. As the values at a very small distance in-
side the structure (x = d) are not known, the unavailable quantities
are plotted at x = 0. In Figs. 7 and 8, the calcium profiles show a de-
crease in concentration near the boundary due to leaching of cal-
cium to the outside solution. The peaks in the sulfur profiles

occur due to the formation of gypsum which are followed by
ettringite formation, which can be identified as a further reduction
in sulfur concentration in Figs. 7b and 8b and d. Thus, the mineral-
ogical evolution can be predicted from the numerical simulations,
as well as the damage progression as presented below.

The maximum value of the damage parameter for the purpose
of the above simulations is assumed to be 0.9 instead of 1 to allow
for the additional system uncertainties and adequate margin in
‘design’ performance. The damage front progression for the exper-
imental case simulated is estimated by the depth up to which all
the elements are calculated to be cracked (i.e. damage parameter
reaching its maximum value of 0.9) at the simulation time corre-
sponding to the experimental results. The damage front is calcu-
lated to be at 1.4 mm and 2.4 mm from the specimen boundary
based on the numerical simulation after 6 months and 1 year,
respectively as shown in Fig. 9. The drop in the damage parameter
at approximately 1.2 mm as seen in the damage parameter profiles
at the end of 6 months and 1 year is due to the fact that calcium
leaching (which occurs simultaneously with cracking due to
expansive product formation) increases porosity before the ele-
ment is completely cracked. It is important to note that damage oc-
curs not at the structure surface, but rather at some depth from the
surface as a combined result of calcium leaching and sulfate attack.
The indicated depth of the initial damage is suggestive of the spall-
ing depth generally observed in the literature, but this needs to be
experimentally verified. The sample used in the reported experi-
ment had a large porosity value (=0.52) which allows for more so-
lid product deposition before strain develops. Cement mortar and
concrete samples generally have much smaller porosities (0.1–
0.3). Thus strain develops more easily in the case of cement mortar
and concrete samples than in cement paste samples with high
water–cement ratio.

4.2. Damage progression

Damage may not be a significant factor for short term perfor-
mance, but it can affect the long-term durability of structures
and therefore needs to be considered through numerical simula-
tions. A structure fails under sulfate attack due to cracking, thus
requiring consideration of the cracking progression as a function
of initial conditions (i.e. formulation) and external conditions.
The usefulness of the numerical modeling framework developed
in this paper in evaluating damage progression and subsequent
failure of a structure is illustrated next.

A numerical simulation is performed on an example case to
demonstrate the progression of damage in space and time. The

Table 3
Comparison of pore solution compositions.

Ions Computational results of
proposed model (mmoles/L)

Experimental results by Samson
and Marchand [7] (mmoles/L)

OH� 465.0 429.3
Na+ 215.4 111.1
K+ 273.1 327.0

SO�2
4

3.45 5.6

Ca+2 1.03 1.3
AlðOHÞ�4 0.17 0.2

Fig. 7. Total calcium and sulfur profiles in solid phases at the end of 3 months after Samson and Marchand [7].
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simulated specimen is a US Type I cement mortar with porosity 0.3,
cement:water:sand mass ratio 1:0.5:3, tortuosity 36, density
1800 kg/m3. The fraction of available porosity is assumed to be
0.2. The specimen is immersed in a 0.35 M Na2SO4 solution
(0.35 mol/L) and the solution is renewed every 7 days. The speci-
men is a 25 mm � 25 mm � 285 mm prism and the volume of
the external solution is 1.78 L assuming the liquid to solid volume
ratio to be 10. All six faces of the specimen are exposed to the
external solution. This three-dimensional problem is chosen to
represent real life cases. In most of the experiments found in the
literature, a specimen is immersed in an aggressive solution where
all the faces of the specimen are exposed to the solution. Also, all
the real life cases are three-dimensional. The numerical model pro-
posed in this paper is one-dimensional. If simulations are needed
for such real cases, it is essential to idealize them as one-dimen-
sional problems. Thus the actual three-dimensional problem is ide-
alized to represent a one-dimensional problem as shown in Fig. 10.
For simplicity of demonstration, the structure is assumed to be a
cube having each side to be of length L. The structure is divided
into N hollow cubes (or shells) of thickness dx starting from the
outside towards the center of the specimen. The hollow cubes
are labeled as A–D in Fig. 10a. The three-dimensional structure is
idealized as a one-dimensional structure as shown in Fig. 10b.
The area in contact with the external solution for the first element
is A = 6 L2 and its volume is V = Adx. This constitutes the first ele-
ment of the one-dimensional idealized structure which is labeled
as A. The area of the second element is A

0
= 6(L � dx)2 and its vol-

ume is V
0
= 6(L � dx)2dx. This constitutes the second element of

the idealized structure which is labeled as B. In this way, all the

elements of the three-dimensional structure can be idealized to
represent one-dimensional elements. The three-dimensional struc-
ture is exposed to the external solution on all sides whereas the
idealized structure is exposed to the external solution only on
one side as shown by the arrows in the figure. This process can
be modified to idealize a prismatic shape as is used in this example
problem.

Similar to the previous numerical simulation, the total available
(i.e. readily leachable) concentrations of the different species were
obtained for a Portland cement mortar from the LeachXS database.

Fig. 8. (a), (b) – Total calcium and sulfur profiles in solid phases at the end of 6 months after Samson and Marchand [7]. (c), (d) – Total calcium and sulfur profiles in solid
phases at the end of 1 year after Samson and Marchand [7].

Fig. 9. Progression of damage parameter in time and space.
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The available concentrations are lesser than the total concentra-
tions of the species present in the system. The initial solid phase
distribution along 25 mm dimension using the available concen-
trations of the ions is shown in Fig. 11a, where the y-axis is the
amount of the indicated minerals in g/kg of the total material
and x-axis is the depth within the material from the face in mm.
Since the solid phase distribution is symmetrical about the center
of the specimen, only a half-width is shown in the figures. It is
important to note that the available concentration of Portlandite
is more than that of CSH in Fig. 11a. Portlandite reacts/leaches
more easily than CSH which starts reacting only when Portlandite
is depleted from the system. Therefore, the available quantity of
Portlandite as shown in Fig. 11a is most of the total quantity
whereas the available concentration of CSH is a small fraction of
the total quantity (available silicon concentration is 20% of the to-
tal quantity for this example problem).

The final solid phase distribution after 1 year of simulation is
shown in Fig. 11b. The complete dissolution of hydrogarnet com-
bined with sulfate ion ingress contribute to the increase in ettring-
ite concentration. It is also evident from Fig. 11b that gypsum
forms from Portlandite (calcium hydroxide) and sulfate ions (as
shown in Eq. (1)) as the Portlandite dissolution front coincides with
the gypsum formation front. Also, decalcification of CSH is seen by
the dissolution of the Jennite–Tobermorite-II mixture as is ex-
pected when the structure is exposed to aggressive water [57–

59]. Fig. 11b also shows that at a depth up to approximately
0.5 mm ettringite is completely depleted. This is found to be due
to the low pH value near the surface, which also corresponds with
literature reports [6]. Thus, the mineralogical features of the
cementitious materials under sulfate attack are reasonably simu-
lated using the numerical model developed in this paper. The
change in porosity due to the change in volume as a result of the
chemical reactions is shown in Fig. 12. The initial decrease in
porosity is due to the formation of gypsum and ettringite. As soon
as the available porosity is filled up, strain starts to develop which
leads to cracking of the structure. After a while, porosity increases
when calcium starts to leach out to the surrounding solution.

Fig. 13 shows the progression of damage with time and space.
Fig. 14 shows the damage front has progressed up to approxi-
mately 6 mm after 1 year. It is evident from Figs. 11b and 14 that
the damage front is coincident with the gypsum progression front
(end of the peak of Gypsum is approximately at 6 mm). The cal-
cium aluminate phase (for this case hydrogarnet phase) is com-
pletely consumed by sulfate to produce ettringite as can be
observed in Fig. 11b. If ettringite had initiated damage, the front
would have moved to the end of the structure which is not the case
as can be seen in Fig. 14. As calcium hydroxide was available in the
system, gypsum continued to form as sulfate ions continued to dif-
fuse (refer to Eq. (1)). This corresponds to an increase in solid vol-
ume as can be seen from Table 1. This increase in volume leads to

A B C D L

dx

A B C D

dx

(a) Three dimensional structure (b) One dimensional idealization 

Fig. 10. One-dimensional idealization of a three-dimensional structure.

Fig. 11. Distribution of the solid phases.
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strain and cracking. This indicates that gypsum is a prominent con-
tributor of volumetric expansion [60] which was not included in
the prior models as can be seen from Fig. 3.

As time progresses, the damage parameter increases with the
increase in strain until it reaches the maximum value. The element
is assumed to have failed when it reaches the completely cracked
state characterized by the maximum damage parameter. Sulfate
ions then diffuse in more rapidly through the cracks and more
ettringite and gypsum are formed due to the chemical reactions,
leading to failure of more elements. This increases the rate at
which the damage front progresses. A failure criterion of the struc-
ture can be defined as the failure of all or some of the elements
reaching the maximum damaged state. Finally, a time to failure
of the structure can be obtained from the simulation. This type of

simulation can be especially useful in design for durability as well
as for inspection and maintenance scheduling.

5. Conclusions

A numerical model for assessing the degradation of cementi-
tious materials under sulfate attack is developed in this paper.
The model combines detailed approaches for the three essential
components of degradation under sulfate attack: (1) multi-ionic
diffusion under concentration and chemical activity gradients, (2)
chemical equilibrium calculation to determine the amounts of dis-
solution and precipitation of solid products, and (3) assessment of
the cracked state of the structure using a continuum damage
mechanics model which affects further diffusion of the sulfate ions.
The model is calibrated and validated using experimental results
obtained from the literature. This model can be used to determine
the profiles of the ions and the minerals as well as the progression
of structural damage in time and space as shown in Section 4. Thus
this model can potentially be applied for the assessment of long-
term durability of cementitious structures. This model can also
be used to evaluate the effect of initial composition of the cement
paste on the damage progression of the structure and the varia-
tions in the aggressive solution due to leaching from the structure.
Sensitivity analysis will be performed in a future work to address
these issues.
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